Introduction
In this paper we prove several topological equisingularity theorems for holomorphic function germs with 1-dimensional critical set.
The topological equisingularity notions that we will handle are the following. Denote by B ǫ and S ǫ the ball and the sphere of radius ǫ centered at the origin of C n . Let f : (C n , O) → C be a holomorphic germ. The embedded link of f is the topological type of the pair (S ǫ , f −1 (0) ∩ S ǫ ) for ǫ sufficiently small; the abstract link is the topological type of f −1 (0) ∩ S ǫ . Two germs f and g are topologically Requivalent if there is a germ of self-homeomorphism ϕ of (C n , O) such that g = f •ϕ; if we only have that ϕ(f −1 (0)) = g −1 (0) then we say that f and g have the same topological type. By the conical structure of singularities having the same embedded link implies having the same topological type. A family f t : (C n , O) → C of holomorphic germs depending continuously on a parameter t varying in a manifold T is topologically R-equisingular if there is a family of self-homeomorphisms ϕ t depending continuously in t and parametrised over T such that f t •ϕ t = f t0 for a fixed t 0 ∈ T and any t ∈ T .
Topological equisingularity has proved to be a very subtle subject, with several long standing open questions. For instance Zariski's Multiplicity Question asks whether two germs with the same topological type must have the same multiplicity (Question A, [14] ).
Suppose that f t has an isolated singularity at the origin and that the Milnor number of f t is independent on t. Assume n = 3. Lê and Ramanujam [7] proved that the diffeomorphism type of the Milnor fibration of f and of the embedded link are independent on t. Later King [6] and Timourian [13] proved that for any t ∈ T there is a neighborhood U of t in T such that the restriction of f t over U is topologically R-equisingular. As the Milnor number is a topological invariant, if n = 3, it is an invariant characterising topological equisingularity for germs with isolated singularities. Answering whether families with constant Milnor number are topologically equisingular for n = 3 is a major open problem.
Topological equisingularity for general germs (having not necessarily isolated singularities) turns out to be much more difficult. As an illustration of this, and also to motivate the results of this paper, let us mention some of the latest developments. In [9] , [10] Massey introduced the Lê numbers, a set of polar invariants attached to a germ and to a coordinate system. Suppose that the family f t depends holomorphically on a complex parameter t, that the critical set of f t has dimension s (with n ≥ s + 4) for any t ∈ T , Massey [10] proved that if the Lê numbers of f t with respect to a coordinate system (satisfying a certain genericity property) are constant then the diffeomorphism type of the Milnor fibration of f t is independent on t (it was also proved in [3] that the homotopy type of the abstract links remains constant if n ≥ 4, without the condition that n ≥ s + 4). It remained open whether the embedded topological type of f t is independent on t. This was answered in the negative in [3] , where counterexamples with critical set of dimension 3 were provided (a counterexample of Zariski's Question B, of [14] was constructed as an application). Probably, the main reason of the failure of the Lê numbers in controlling the embedded topological type is the fact that they control primarily the Milnor fibration, but, as it is shown in [3] in the case of non-isolated singularities the relation of the Milnor fibration with the embedded topological type is, in general, weak (in the case of isolated singularities the Milnor fibration determines the embedded topological type). On the other hand, in [4] , it was shown that the generic Lê numbers are not topological invariants (even in the case of critical set of dimension 1). We invite the reader to check [2] for a different approach for topological equisingularity of families of functions satisfying certain conditions on their Newton polytope.
In this paper we adopt a new viewpoint towards topological equisingularity. Although a general formulation of it is possible (and the reader is encouraged to figure it out) we introduce it for the case of functions with 1-dimensional critical set. The critical set of such a function f (the support of the sheaf of vanishing cycles) is a curve which is stratified by the Milnor number of the singularity of the generic transverse hyperplane sections. Roughly speaking, a family f t is equisingular at the critical set if there is a family of self-homemorphisms of (C n , O) topologically trivialising the family of critical sets and respecting the stratification by transverse Milnor number outside the origin (see Definition 22). We may view equisingularity at the critical set as an intermediate notion between topological equisingularity itself and the constancy of any candidate set of invariants intended to imply topological equisingularity. The strategy is to prove that equisingularity at the critical set implies (any notion of) topological equisingularity and to find numerical invariants implying equisingularity at the critical set. Now we summarise the main results of this paper. In the families that one finds in practice, the dependence on the parameter is always at least differentiable. We will work in this paper with families f t of holomorphic germs depending smoothly on a parameter t varying on a manifold T . We will gain in the case that the family is topologically equisingular, some additional regularity on the trivialising family of homeomorphisms. We deal frequently with families parametrised over a cube. We could replace cube by contractible manifold in all our statements. We have proven our results for cubes for simplicity of notation.
Theorem A. (See Theorems 32 and 38 for more details.) If f t is equisingular at the critical set then (i) The diffeomorphism type of the Milnor fibration of f t is independent on t.
(ii) The topological type of the embedded link and the topological right-equivalence type of f t are independent on t. (iii) If T is a cube then f t is topologically R-equisingular over T . The family of diffeomorphisms ϕ t trivialising f t satisfies that the restrictions of ϕ t to the complement of the critical set, and to the critical set minus the origin is a diffeomorphism, and the dependence on t of ϕ t restricted to these strata is differentiable.
Theorem B. (See Theorem 47.) If f t depends holomorphically on a parameter and the generic Lê numbers are independent on t then f t is equisingular at the critical set.
We immediately deduce
Corollary C. If f t depends holomorphically on a parameter and the generic Lê numbers are independent on t, the diffeomorphism type of the Milnor fibration, the topological type of the embedded link and the topological right-equivalence type of f t is independent on t and, moreover, the family f t is topologically R-equisingular locally over the base.
This recovers Massey's Theorem ( [10] ) for 1-dimensional critical set and answers positively Massey's question about the embedded topological type, in contrast with what happens for higher dimensional critical set [3] .
We prove also a Theorem giving an alternative sufficient condition of topological equisingularity, for the case that the reduced critical set is deformed flatly (see Theorem 49).
Finally we study how the reduced critical set may vary in a family which is topologically R-equisingular. It seems that there are no further restrictions appart from the obvious topological ones. We observe a great amount of flexibility in the critical set of a topologically equisingular family. We show a family f t (see Example 50) which is topologically R-equisingular and the reduced critical set is singular for t = 0 and smooth for t = 0. To the author's knowledge it is the first time that this phenomenon is observed. Example 50 is a family for which the sufficient conditions for topological equisingularity given in Theorem B and Theorem 49 fail: we really need the finer Theorem A to establish the equisingularity. In Problem 52 we propose to construct more families which are equisingular at the critical set starting out of deformations of parametrisations (this is the way how Example 50 was constructed). The motivation for it is based on the following observation: the change at multiplicity of the critical set of f t implies, using Lê-Iomdine formulas (see [11] ), that adding a high power of a linear function to f t will not yield a µ-contant family. This suggests that we have sensibly more space to find a possible counterexample of Zariski's multiplicity question than in the case of isolated singularities.
For the proof of Theorem A we need the following improved version of the Theorems of King and Timourian: Preliminary Theorem. Let f t be a family of germs with isolated singularities at the origin, with constant Milnor number, and depending smoothly on a parameter t which varies on a cube T . Then the family is topologically R-equisingular over T , and the restriction of the trivialising family of homeomorphisms ϕ t , to C n \ {O} is a family of diffeomorphisms depending smoothly on the parameter t.
The methods appearing in [5] , [6] and [13] are certainly local in the base. Although we are inspired by these three works, we need to introduce a new device, which we call a cut, which allow us to prove the result above, which is local in the base, and also enables to prove the differentiability outside the origin. Moreover the method with which we prove the Preliminary Theorem provides the tools and generalises well to prove Theorem A.
In Section 2 we introduce cuts and prove the Preliminary Theorem. In Section 3 we define a particular kind of neighborhoods of the origin in C n which are essential in the proof of Theorem A. In Section 4 we introduce equisingularity at the critical set. In Section 5 we prove Theorem A, parts (i) and (ii). In Section 6 we prove part (iii) of Theorem A. In Section 7 we prove Theorem B, and in Section 8 we prove Theorem 49, study how the reduce critical set deforms in a topologically equisingular family, and construct Example 50.
2. The case of isolated singularities revisited 2.1. Cobordisms. A subspace X ⊂ R N is smoothly stratified if it admits an stratification whose strata are smooth submanifolds. A stratified subspace Y ⊂ X is a subspace which is a union of strata. Given any subset X of R N we denote bẏ X the subset of interior points, and by ∂X its frontier X \Ẋ. Observe that if X is a stratified space, then bothẊ and ∂X are forcedly stratified subspaces. A stratified cobordism between X 0 and X 1 is, by definition, a triple (X, X 0 , X 1 ) given by a stratified space X and two stratified subspaces X 0 , X 1 of ∂X, satisfying the following condition: for any stratum A ⊂ X the "cobordism closure"
has a structure of manifold with boundary (being the boundary ∂A ∩ (X 1 ∪ X 2 )). A stratified cobordisms is homotopically (homologically) trivial if the inclusions of X 0 and X 1 in X are homotopy (homology) equivalences. Given a stratified space Y , the product Y × [0, 1] inherits a natural stratification, which makes the
such that for any stratum A ⊂ X there is a stratum B ⊂ Y such that
is a diffeomorphims between manifolds with boundary. Two special cases of stratified cobordisms will be of special interest. The first is the case in which X is a compact manifold with two boundary components X 1 and X 2 . Then our definitions coincide with the usual ones. We will say that in this case we have a (non-stratified) cobordism between X 1 and X 2 . The second is when X is a manifold with corners and the boundary ∂X admits a decomposition ∂X = X 0 ∪X 1 ∪Y , where X 0 , X 1 and Y are manifolds with boundary and we have
is a cobordism. We say that (X, X 0 , X 1 ) is a cobordism with boundary between X 0 and X 1 , and that (Y, Y ∩ X 0 , Y ∩ X 1 ) is the boundary cobordism.
Terminology. Thorought the rest of this section we denote by π : E → U be a smooth complex vector bundle of rank n over a manifold U . Let f : E → C be a smooth germ at {O} × U whose restrictions to the fibres of π are holomorphic. Assume that the Milnor number µ(f | Ep ) is independent of p ∈ U . Denote by φ : E → U ×C the mapping φ := (π, f ). Fix a hermitian metric for the vector bundle E and let ρ be the associated (fibrewise) distance function. Consider K ⊂ U and let θ : K → R + be any positive continuous function. We define the θ-neighborhood of K as B(K, θ) := {x ∈ E : π(x) ∈ K and ρ(x) ≤ θ(π(x))}.
Given subsets A ⊂ U and B ⊂ E, we will denote the intersection B ∩ π −1 (A) by B A . 
is a smooth trivial cobordism.
Usually V will be either an open subset of U or the closure of an open subset. If H is a cut over V of amplitude δ then for any V ′ ⊂ V submanifold and δ ′ < δ, the hypersurface 
Proof. The proof is an application of h-cobordism Theorem as in the proof of Lê-Ramanujam Theorem [7] . 
We consider the following situation: define I := [0, 1]. Denote by C the ddimensional cube I d , with its natural structure of manifold with corners, and
d for a certain ǫ > 0. All the cuts below are chosen with the same amplitude δ. Consider two cuts H + and H − defined over U , with H − ≺ H + . Let A be a contractible union of faces of C. We consider a cut H 0 over a neighborhood V of A, which satisfies
We consider also a number of pairs
where the B i 's and the C i 's are faces of C, each µ i denotes a cut over a neighborhood B ′ i of B i in U and each ν i denotes a cut over a contractible neighborhood C ′ i of C i in U . Suppose that the following relations hold: H − ≺ µ i for any i, H − ≺ ν i for any i, µ i ≺ µ j if i < j, µ i ≺ H 0 for any i, µ i ≺ ν j for any i, j, µ i ≺ H + for any i, H 0 ≺ ν i for any i, ν i ≺ ν j if i > j, and ν i ≺ H + for any i.
We will need the following extension Lemma:
Lemma 5. In the setting above, after possibly shrinking U and V to smaller neighborhoods of the corresponding sets, and possibly decreasing δ, there exists a cut H ′ 0 over U with amplitude δ which extends H 0 and satisfies
By Ehresmann Fibration Theorem and the contractibility of U × D δ the mapping
is a trivial fibration. From the defining properties of a cut and an easy manipulation with cobordisms we deduce that each fibre of φ is a trivial cobordism. We will use the following fact: Fact 1: let K be a contractible closed union of faces of C and V be a neighborhood of K in U . There exist a compact neighborhood D 1 of K in V , whose boundary ∂D 1 is a smooth hypersurface in U , an open neighborhood D 2 of C in U and a smooth mapping (1) ξ :
which is a locally trivial fibration over its image with fibre diffeomorphic to the half-open interval [0, 1) (the closed extreme of the fibres corresponding with the intersection of the fibre with ∂D 2 ). Let
be a diffeomorphism giving a trivialisation. This fact follows from easy geometrical considerations. As an example we do in detail the case in which
We may consider
for 0 << ǫ 2 << ǫ 1 << 1, and define ξ(x 1 , ..., x d ) to be the only intersection point of ∂D 1 with the segment joining (x 1 , ..., x d ) with (x 1 , ..., x d1 , 0, ..., 0). We encourage the reader to draw a picture of this construction. We shall proceed in two steps.
Step 1: we shall inductively reduce to the case in which
Choose any point t ∈ C 1 . From the defining properties of a cut, an easy manipulation with cobordisms, Ehresmann Fibration Theorem and the fact that C ′ 1 is contractible, it follows that the restrictions
, are smooth trivial fibrations with fibre a trivial smooth cobordism. Hence, it is easy to construct a smooth vector field Y in Y | C ′ 1 ×D δ which is tangent to the fibres of φ such that its associated flow defines a diffeomorphism ψ :
. We are going to extend Y to a vector field X defined in Y . As C 1 is a face, we may choose D 1 to be the neighborhood of C 1 in C ′ 1 , and D 2 the neighborhood of C in U so that the mapping (1) exists as predicted by Fact 1. Using that φ : Y → U × D δ is a trivial fibration, it is easy to prove that there exists a smooth diffeomorphism
such that, if q i denotes the projection of [0, 1)×Y ξ(D2\Ḋ1) to the i-th factor (i = 1, 2), then
is the identity; moreover, the mappings
and Φ glue to a smooth mapping.
We define a smooth vector field X in Y D2 piecewise as follows: the restriction of X to Y D1 is equal to the restriction of Y| YD 1 ; the restriction of X to Y (D2\Ḋ1) is the pullback by Ψ of the vector field in [0, 1) × ξ(D 2 \Ḋ 1 ) whose [0, 1)-component is zero and whose ξ(D 2 \Ḋ 1 )-component is equal to the restriction Y| Y ξ(D 2 ) . Observe that X is smooth, tangent to the fibres of φ, extends Y, and its flow trivialises the cobordism given by each fibre of φ.
We redefine U := D 2 . Then the flow of X induces a diffeomorphism (a) for any 1 ≤ i ≤ k 1 and any x ∈ µ i | Bi we have σ(x) < β(π(x)), (b) for any 2 ≤ j ≤ k 2 and any x ∈ ν j | Ci we have σ(x) < β(π(x)), and (c) for any x ∈ H 0 | A we have σ(x) < β(π(x)).
Consider x ∈ µ i | Bi∩D1 . Observe that we have Equality (3) together with the fact that µ i ≺ ν 1 implies that σ(x) < 1/2. By continuity this inequality occurs in a neighborhood of x in µ i . On the other hand σ(x) < 1 for any x ∈ µ i . Hence, using that B i × D δ is compact, it is easy to see that , by shrinking C we have σ(x) < β(π(x)), (b) for any 2 ≤ j ≤ k 2 and any x ∈ ν j | C ′ i we have σ(x) < β(π(x)), and (c) for any x ∈ H 0 | V we have σ(x) < β(π(x)).
By construction the subspace ν
which constitutes a cut over U and satisfies
and ν i ≺ ν 1 for any i = 1. Then we can redefine H + := ν ′ 1 and we have k 1 + k 2 strictly smaller. We have worked out the case in which k 2 > 0. The case in which k 1 > 0 is identical. Inductively we are reduced to the case k 1 + k 2 = 0.
Step 2: We assume k 1 = k 2 = 0. As A is a contractible closed union of faces of C, the same argument than in Step 1 allows to construct, after eventually shrinking U and V , a cut H ′ 0 over U which extends H 0 and satisfies
2.4. Existence of cuts. In this section we let N denote either a point or the circle S 1 . Again C denotes either the cube
We shall make the following assumption:
Assumption A: there exists ζ > 0 such that ρ −1 (ǫ) meets φ −1 (t, 0) transversely for any t ∈ N × {(0, ..., 0)} and any positive ǫ ≤ ζ. 
Proof. The proof is easy after Lemmas 2 and 3. 
Proof. We will assume N = S 1 . The proof for the case in which N is a point is a simplification of the case presented here.
For any t ∈ T we choose a positive ǫ t < θ(t) such that ρ| φ −1 (t,0)∩ρ −1 ((0,ǫt]) is a submersion. By Lemma 2 there exists a neighborhood U t of t ∈ U and a positive
By compactness of N and C there exists a finite cover {U t } t∈A of N × C which contains a collection {U t } t∈A0 , with A 0 ⊂ A ⊂ U which covers N × {(0, ..., 0)} and satisfies that A 0 ⊂ N × {(0, ..., 0)}.
Let γ : I → S 1 be the parametrisation defined by γ(t) = e 2πit . Given a partition 0 = α 0 < α 1 < ... < α r = 1 we define I i := [α i−1 , α i ] and also, for any multi-index J = (j 0 , ..., j d ), the cube
which is contained in N × C. Choose the partition so fine that any cube C J is contained in at least in an open set of the cover {U t } t∈A , and moreover, if C J meets N × {(0, ..., 0)}, then it is contained in an open set of the cover {U t } t∈A0 . We assign to each C J a fixed set U t(J) of the cover containing it, taking care that if
. Choose δ min and ǫ min strictly smaller than any δ J and ǫ J respectively. By Lemma 7 there exists a neighborhood V of
Choose a positive η strictly smaller than ǫ For any t ∈ T we choose a positive ξ t < η such that ρ| φ −1 (t,0)∩ρ −1 ((0,ξt]) is a submersion. By Lemma 2, for any t ∈ T , there exists a neighborhood V t of t ∈ U and a positive δ
is a cut over V t with amplitude δ ′ t . We pick V t so small that it is contained in any U K which contains t.
By compactness we can choose a finite cover {V t } t∈B of N × C.
For each j, given any subdivision
we define the intervals I j,k := [α j,k−1 , α j,k ] ⊂ I and, for multi-indexes J = (j 0 , ..., j d ) and K = (k 0 , ..., k d ) we define the cubes
related by ≺ in one of the directions. The same happens for the cuts µ Proof. We will construct X as the amalgamation of two vector fields Y and Z. ′ by the mapping φ. For the definition of Z some auxiliary constructions are needed. We will shrink U when necessary without explicitly mentioning it. There is a continuous function θ 2 : U → R such that the inclusion B(U, θ 2 ) ⊂ Y 1 is satisfied. Applying Proposition 8 to the function 1/2θ 2 we obtain new positive δ 2 (which we choose to be smaller than δ 1 /2) and a cut H 2 of amplitude δ 2 such that
We iterate this procedure to obtain an infinite sequence of cuts H i over N × C with amplitude δ i , which gives rise to an infinite, nested, sequence
. By Property (1) of Definition 1 the restriction
is a locally trivial fibration. By Property (3) of Definition 1 and an easy manipulation with cobordisms, its generic fibre is a trivial cobordism. By the second property that Proposition 8 predicts for the cut H i there is a neighborhood V i of N × {(0, ..., 0)} in U and a positive ǫ i such that
We have that {ǫ i } i∈N is a decreasing sequence converging to 0. Observe that we have
Using Assumption A, and possibly shrinking V i+1 and δ i+1 we obtain that the restriction of ρ to each fibre of
is a submersion. Therefore there exists a vector field Z 
We may suppose that V i is of the form N × B i , with B i a small ball centered around (0, ..., 0) in R d . Using that C is a cube and the fact that φ i is a locally trivial fibration, we may (in the same way that we extended Y to X in Step 1 of the proof of Lemma 5) extend Z ′ i to a vector field Z i on Z i which is tangent to the fibres of φ i , non-zero at any point, and whose flow takes
We rescale the vector field in order to ensure that T i := 1.
As, for any i ∈ N, both Z i and Z i+1 are transverse to H i+1 , and both of them point into Y i+1 . Using an adequate partition of unity, we may glue the vector fields {Z i } i∈N to a vector field Z defined in ∪ i∈N Z i , nowhere vanishing and tangent to the fibres of φ. Up to a rescaling of Z we may assume that its flow takes
) be a smooth function vanishing at 0 and positive in D * δ . Let ρ 2 : U → R be an smooth function with support contained in ∪ i∈N Z i and which is identically 1 in a neighborhood of f
The first three properties that Z must satisfy are clear by construction (for the second one we take W = ρ 1 V ′ ). For the fourth observe that as ∞ i=1 T i = ∞ the convergence in to the origin in infinite time is clear for any curve contained in f −1 (0). Let γ(t) be an integral curve lying off f −1 (0). By property (2) and the fact that X is tangent to the fibres of π (which are compact) it must accumulate in infinite time to a point in f −1 (0), but since X is defined and non-zero at f −1 (0) \ E 0 , the only possibility is that γ satisfies property (4).
Notation Let H 1 θ 1 , Y 1 , δ 1 as in the beginning of the section. Denote the cut H 1 by H, the space Y 1 by Y , and δ 1 by δ for simplicity of notation. Consider the natural projections τ 1 : N × C → N , τ 2 : N × C → C. We view N as a subset of N × C via its natural identification with N × {(0, ..., 0)}. View N × C as a subset of Y identifying it with the zero section of E| N ×C . Given a subset A ⊂ E, we define ∂ π A := ∪ t∈U ∂A t , that is, the union of the frontiers of the fibres over U .
The globalisation of Timourian's [13] and King's [6] result that we will need is the following: Theorem 11. There exist a homeomorphism
Proof. By Ehresmann fibration Theorem the mappings
are locally trivial fibrations, (whose fibre are diffeomorphic respectively to the Milnor fibre of f t , and the abstract link of f t for any t ∈ U ). Observe that we have
Using the fibrations above and the fact that C is a cube (and hence contractible) we will construct a diffeomorphism
such that, if let ψ play the role of Ψ, properties (1) and (2) are true at the points where ψ is defined. We define first the restriction of ψ to Y ∩ f −1 (∂D δ ), and after extend it to H ∩ Y .
Lift a radial vector field Z 1 steming from (0, ..., 0) in C, first to a vector field Z 2 in N × C whose projection to N vanishes, and then to a vector field
which is tangent to the fibres of f . The existence of the lifting Z 2 is obvious, and the existence of the lifting Z 3 follows because the mapping (10) is locally trivial. The inverse of the restriction of ψ to Y 1 ∩ f −1 (∂D δ ) can be obtained easily from the flow of Z 3 . Now we extend ψ to H ∩ Y . We consider a lift Z 4 of Z 2 in H ∩ Y which is tangent to the fibres of f , and which coincides with Z 3 at their common domain (this lift exists by the local triviality of the mapping (11)). The inverse of the desired extension is constructed easily from the flow of Z 4 .
In order to obtain Ψ we have to extend ψ to the interior of Y .
is a manifold with corners The properties of the vector field X constructed in Lemma 10 easily imply that, if ϕ denotes its flow, then the restriction
Define the restriction Ψ| Y \N ×C as the composition of the following sequence of mappings Proof. We only have to notice that Assumption A is satisfied (Remark 6). King and Timourian ([6] , [13] ) in the sense that it is global in the base (we do not need to pick a small neighborhood of p ∈ C in order to find the trivialisation), and also because the trivialisation Ψ is smooth at all the strata where it can possibly be (smoothness at the origin can not be expected since isolated singularities have non-trivial moduli).
Remark 13. The above result improves the results of
2.6. Families over Riemann surfaces. Now we prove Assumption A in an important situation in which N = S 1 . Let S be a compact surface diffeomorphic to S 1 × I embedded as a smooth submanifold in a Riemann surfaceS. As we are only interested in a neighborhood of S we can assume thatS is diffeomorphic to S 1 × (−ǫ, 1 + ǫ) for a certain positive ǫ; we fix a product decomposition and denote by τ :C → (−ǫ, 1 + ǫ) the projection to the second factor. We suppose that U =C and that the vector bundle π : E → U and the function f are holomorphic. Recall that we have defined φ := (π, f ).
Proposition 14.
There is a finite subset J ⊂ I such that, for any p ∈ I \ J and any
0) transversely for any any positive ǫ ≤ ζ. In other words, up to a finite number of exceptional
Proof. The critical set of the function f coincides with the zero section of π and the restrictions of f to the fibres of the bundle π have an isolated singularity at the origin with Milnor number not depending on the particular fibre. By the holomorphicity of π and f , the locus Z in which the stratification
fails to satisfy Whitney conditions is the complex analytic subset where the µ * sequence jumps. The set Z is of dimension 0, and hence discrete. Thus Z ∩ S is finite. Define J := τ (Z) ∩ I. Suppose p ∈ I \J. If the statement of the proposition fails there exists a sequence {x n } n∈N in E τ −1 (p) , converging to a point x in the zero section over τ −1 (p) such that x n is a critical point for the restriction of ρ to f −1 (0) ∩ E π(xn) . Then it is easy to check that the tangent space T xn f −1 (0) of f −1 (0) at x n contains the orthogonal complement (by the hermitian inner product) of the line π(x n ), x n in E π(xn) . Choosing a subsequence we may assume that T xn f −1 (0) converges to a complex hyperplane H of T x E and that π(x n ), x n converges to a line l contained in π −1 (π(x)), which satisfies that H contains the hermitian orthogonal complement of l in π −1 (π(x)). As p does not belong to J, the stratification (13) satisfies Whitney conditions at x, and therefore we have that l is also included in H. Then H is in fact equal (by dimensional reasons) to π −1 (π(x)). Now we choose a sequence {y n } n∈N , with f (y n ) = 0 and y n so close to x n that the sequence of hyperplanes T yn f −1 (f (y n )) has limit H. Such sequence shows that Thom's A f -condition is not satisfied at x by the open stratum of the stratification
which is in contradiction with the fact that the transversal Milnor number of f is constant alongC.
We recall our original setting: consider a smooth manifold U = S 1 × (−ǫ, ǫ) d , a smooth complex vector bundle π : E → U and a complex smooth function f : E → C whose restriction to the fibres of π is holomorphic. Suppose that f has an isolated singularity at the origin of each fibre of π, with Milnor number independent of the fibre.
The next corollary allows to apply the topological equisingularity results obtained in this section in many situations. For the topological study if the Milnor fibration and of the embedded link of a function one has to be more careful. In [8] pages 21-25 it is proved that if ρ : C n → R is non-negative continuous, real analytic except at the origin, and such that ρ −1 (0) = {O} (we will refer to it as an analytic distance function), then, for ǫ small enough, the system of ρ-balls {ρ −1 ([0, ǫ)} is a system of Milnor neighborhoods for f . Moreover it is shown that the homeomorphism type of the Milnor fibration and the embedded link of f is independent of the chosen analytic distance function. We take as definition up to homeomorphism of Milnor fibration and embedded link of f the ones obtained with an analytic distance function. This choice coincides with Milnor's original definition (see [12] ).
We will need a kind of systems of neighborhoods that can not be defined with analytic distance functions. We will have to check that Milnor fibration and embedded link defined with this kind of neighborhoods are, up to homeomorphisms, the same than the ones defined above.
Definition 16. Let M be a manifold and Σ ⊂ M × C n be a smooth submanifold such that the restriction of the projection π :
We endow N with the hermitian metric coming from a hermitian product in M × C n . If S is compact there exists a positive η such that the "tubular neighborhood"
Assume from this point that the critical set Σ f of f has dimension at most 1. Denote by Σ sm f the smooth part of Σ f . Observe that f −1 (0) is a stratified space with the stratification (f −1 (0)\Σ f , Σ sm f , {O}). Definition 17. A system of neighborhoods of the origin adapted to f is a system {U α } α∈A of neighborhoods of the origin such that for any α ∈ A there exists δ α > 0 (which is called a Milnor disk radius for U α ), satisfying
(1) the neighborhood U α is a compact manifold with boundary ∂U α , (2) there is a tubular neighborhood
, and for any s ∈ D δα the boundary ∂U α meets f −1 (s) transversely (in the stratified sense for s = 0), (4) for any β such that U β ⊂U α , and any δ < min{δ α , δ β } the space
Let {U α } α∈A be a system of neighborhoods of the origin adapted to f . By Ehresmann Fibration Theorem, for any smooth neighborhood U α of the origin adapted to f , the mapping
is locally trivial. Its restriction over ∂D δα is called the Milnor Fibration of f for U α . We define the embedded link of f in U α as the pair
The abstract link is the space f
. Property (4) of Definition 17 implies that the topological type of the embedded link, and the diffeomorphism type of the Milnor fibration are independent of α ∈ A. Hence the the Milnor fibration associated to a system of neighborhoods adapted to f is a well defined objects.
Lemma 18. The homotopy type of the abstract link and of the Milnor fibre is independent on the system of neighborhoods adapted to f used to define it. Any system of neighborhoods adapted to f is a system of Milnor neighborhoods for f ([11], Definition/Proposition A.1).
Proof. Suppose that we have two systems of neighborhoods {U α } α∈A and {V β } β∈B adapted to f . Consider sequences {α n } n∈N , {β m } m∈N such that U αn ⊂V βn and V βn+1 ⊂U αn . By definition of adapted system of neighborhoods, for any n there exists δ such that the cobordisms f −1 (s) ∩ (U α \U αn+1 ) and f −1 (s) ∩ (V β \U βn+1 ) are trivial for any s ∈ D δ . It is easy to deduce that the cobordisms
are homotopically trivial for any sufficiently small s. This implies the lemma.
We will prove:
• the Milnor fibration of f for {U α } α∈A is smoothly equivalent with the classical Milnor fibration of f defined by Milnor.
• the topological type of the embedded link associated to any neighborhood adapted to f coincides with the classical embedded link defined by Milnor. In the remaining part of the section we exhibit a particular system of neighborhoods of the origin adapted to f for which these assertions are true. After this, it is enough to show that the Milnor fibration and the embedded link are independent of the neighborhood of the origin adapted to f . This will be achieved in the next sections.
We will use the following Lemmas several times in the sequel.
Lemma 19. Let f : (C n , x) → C be a holomorphic germ with smooth 1-dimensional critical locus Σ f . Suppose that the generic transversal Milnor number of f at any point y ∈ Σ f is equal to a constant µ. If H is a hyperplane transverse to Σ f through
Proof. The Lê numbers of f with respect to a generic coordinate system Z 0 are λ 1 f,Z0 (y) = µ and λ 0 f,Z0 (y) = 0 for any y ∈ Σ f . As H is transverse to Σ f there is another prepolar coordinate system, f,Z1 (x) = µ, the alternating sum of the Lê numbers cannot be equal to the reduced Euler characteristic µ. We get a contradiction which forces the equality µ(f | H , x) = µ.
Lemma 20. Let M be a manifold and Σ ⊂ M × C n be a smooth submanifold such that π| Σ is a submersion and, for any m ∈ M , the fibre Σ m ⊂ {m} × C n is a complex submanifold of dimension 1. Consider a compact submanifold S ⊂ Σ and a normal bundle p : N → S to Σ over S. There exists a normal bundle p ′ : N ′ → Σ to Σ whose restriction to S coincides with p : N → S.
is a hyperplane of the projective space P x . Hence the restriction
is an affine bundle. Any affine bundle admits a differentiable global section, and hence can be given a structure of vector bundle.
Observe that giving a normal bundle to Σ over a submanifold S of Σ is the same that giving a smooth section of the bundle (18) over S. Using a partition of unity it is possible to extend the section smoothly to a global one.
Consider any hermitian product in C n and let ρ be the distance function to the origin induced by it. Denote by B ǫ the ρ-ball centered at the origin of radius ǫ. Choose ǫ 0 sufficiently small so that (1) the stratification
satisfies Whitney conditions, (2) the sphere S ǫ meets f −1 (0) transversely (in a stratified sense) for any ǫ < ǫ 0 , It is well known that the system of neighborhoods {B ǫ } 0<ǫ<ǫ0 satisfies all the properties of a system of neighborhoods of the origin adapted to f except the second one. We are going to modify the neighborhoods so that this property is satisfied as well. Fix 0 < ǫ < ǫ 0 . The intersection Σ f ∩ S ǫ is a disjoin union of circles. We will modify S ǫ locally near each circle. We assume for simplicity of notation that there is only one circle S. For ξ > 0 small enough
is the function ρ − ǫ. We identify T and S × [−ξ, ξ] via the diffeomorphism.
I claim that there is a normal bundle p : N → T to T such that
There is a normal bundle p 1 : N 1 → S × [−ξ/3, ξ/3] to T satisfying the first property: as T meets the level sets of ρ transversely, if ξ is small enough, for any s ∈ S × [−ξ/3, ξ/3] the hermitian orthogonal complement to the vector s ∈ C n is transverse to T s T (we are using the natural trivialisation of the tangent bundle T C n ) and contained in T S ρ(s) . The fibres of N 1 are, by definition, those hermitian orthogonal complements.
Choose a coordinate system {z 1 , ..., z n } of C n such that, for any x in a punctured neighborhood of the origin, the hyperplane
) is a normal bundle to Σ f in the same punctured neighborhood. The bundle p 2 :
Any normal bundle p : N → T to T expending N 1 and N 2 (which exists by Lemma 20) satisfies requirements (i) and (ii). The claim is proved.
Pick η > 0 small enough that T N (η) is embedded in C n and T NS (η) is contained in B ǫ+ξ . The restriction f | N is a smooth function, whose restriction to N S×[ξ/ 2,ξ] and to the fibres of p is holomorphic. As a consequence of condition (1) above, the generic transversal Milnor number of f at any point t ∈ T is independent on the point t. Hence, by Lemma 19, the restriction of f to the fibres of p has an isolated singularity at the origin with Milnor number independent of the fibre. As we are in the situation of Corollary 15, we can use Theorem 11 in order to obtain (after 
is transverse to the level spheres of ρ and points outwards. Hence for any x ∈ T NS (η) there exists at most one value α(x) ∈ (−ξ ′ , ξ ′ ) such that Φ ′ (x, α(x)) belongs to S ǫ . Since S is contained in S ǫ , we have that α(x) is zero for any x ∈ T S . We have defined a function α :
which is continuous, constant and equal to 0 in S, and smooth outside S. The mapping Ψ :
) is a homeomorphism of T NS (η) onto its image W , a neighborhood of S in S ǫ . Consider a smooth function µ : S ǫ → [0, 1], with support K contained in W , and identically 1 in a neighborhood of S. We deform S ǫ as follows: we define the homotopy
) if x ∈ W and ϕ(x, λ) := x if x is not contained in K. For fixed λ the mapping ϕ( , λ) is a homemorphism onto its image and coincides with Id Sǫ if λ = 0. We denote by U ǫ,λ the region of C n bounded by ϕ(S ǫ , λ).
For any λ ∈ {0, 1} the neighborhood U ǫ,λ satisfies Properties (1) and (3) of Definition 17, and Property (2) is satisfied for λ = 1.
Using Property (b) of the flow (20) it is easy to show that, • for any ǫ ′ < ǫ, there exists δ > 0 such that for any s ∈ D δ the space
Property (5) of Definition 17 for U ǫ,λ is a consequence of property (b) of the flow 20 and the fact that for any ǫ ′ < ǫ the ball B ǫ ′ satisfies it. We construct a system of neighborhoods as follows. Give a decreasing sequence of positive numbers {ǫ n } n∈N converging to the 0. For any n we produce a deformation U ǫn,λ of B ǫn as above. The choices can be made so that U ǫn,λ is contained inḂ ǫn−1 for any n ∈ N. Proof. Property (4) of Definition 17 (the only one that remains to be checked) follows from an easy manipulation with cobordisms based on the fact that it is satisfied for the system {B ǫn } and that the cobordism (22) is trivial.
The triviality of cobordism (22) implies also the diffeomorphisms of Milnor fibrations. The fact that the embedded link associated to {U ǫn,1 } n∈N is homeomorphic to the pair (
which, by a Theorem of [12] is homeomorphic to (S ǫ , f −1 (0) ∩ S ǫ ) (the classical embedded link), follows easily using the homeomorphism 23.
Equisingularity at the critical set
Let T be a connected smooth manifold. A smooth family of holomorphic germs f t : (C n , O) → C depending on a parameter t ∈ T , is given by a smooth function f : U → C defined at an open neighborhood of {0} × T in C n × T satisfying that the restriction f t := F | C n ×{t} is holomorphic for any t ∈ T . We view C n × T as a trivial vector bundle over T and consider the natural projection τ : C n × T → T . Consider a hermitian product in C n × T and denote by ρ the distance to the origin in each fibre. Given any A ⊂ T , B ⊂ C n × T and a positive function θ : A → R + we define B A and B(A, θ) as in the previous section. Let Σ t denote the critical set of f t . Define Σ := ∪ t∈T Σ t . Choose t ∈ T , there exists a positive ǫ t such that ∂B((O, t), ǫ) meets Σ t transversely for any ǫ ≤ ǫ t . Then Σ t ∩ B((O, t), ǫ t ) is homeomorphic to the cone over Σ t ∩ ∂B((O, t), ǫ t ), and there is an irreducible component of the germ
be the decomposition of (Σ t , (O, t)) in irreducible components. The number ǫ t can be chosen small enough that, for any i ≤ r, the generic transversal Milnor number at any point of Σ t,i ∩ B((O, t), ǫ t ) \ {(O, t)} is equal to a constant µ t,i .
We will identify T with {O} × T . 
• is trivial in the smooth category,
• is homologically trivial.
Let V be any neighborhood of the origin adapted to f t . A consequence is that ∂V meets Σ t transversely for any α. Choose W t so small that Σ t ′ meets ∂V transversely for any t ′ ∈ W t . Let V ′ be any neighborhood of the origin adapted to f t ′ such that V ′ ⊂V .
Remark 24. By Property (4) of Definition 17, Property (2) of Definition 22, and an easy cobordism manipulation, the cobordism
Here it is a conormality Lemma (in the sense of [11] , Definition A.7)
Lemma 25. Let f t be a smooth family of holomorphic germs such that Σ t is 1-dimensional at the origin for any t. Suppose that f t is equisingular at the critical set. Given t ∈ T and V , a smooth neighborhood of the origin adapted to f t , there exists a neighborhood W t of t in T , and a positive δ such that (1) there is a normal bundle p : N → Σ∩(∂V ×W t ) to Σ such that for a certain positive η the space T N (η) embeds as a tubular neighborhood of Σ∩(∂V ×W t ) in ∂V × W t , (2) the fibre f −1 t ′ (s) meets transversely (in the stratified sense when s = 0) the boundary ∂V for any t ′ ∈ W t and s ∈ D * δ . Proof. There is a normal bundle p : N → Σ t ∩ ∂V to Σ t and a positive η such that T N (η) is naturally embedded in ∂V . There is a neighborhood W t of t ∈ T such that Σ ∩ (∂V × W t ) is included in T N (η) × W t , and the restriction
is submersive (hence a locally trivial fibration).
For any t ′ ∈ W t the fibre Σ t ′ ∩ ∂V is a disjoint union of circles, contained in
In each connected component of T N (η) × {t ′ } we find exactly one circle. Moreover, if W t is small enough each circle meets transversely H × {t ′ }, for any fibre H of the normal bundle p : N → Σ t ∩ ∂V . Define p : N → Σ ∩ (∂V × W t ) as the bundle whose fibre over any point (x, t ′ ) ∈ Σ ∩ (∂V × W t ) is H × {t ′ }, with H the only fibre of N containing x. Clearly p is a normal bundle extending p, and, if η is small enough then T N (η) is naturally embedded in ∂V × W t and satisfies Condition (1).
The space T N (η) has exactly one connected component T
The embedded topological type and the Milnor fibration
Thorought the rest of the paper we assume n ≥ 5.
5.1.
Cuts. Along this section we let f t : (C n , O) → C be a smooth family of holomorphic germs depending on a parameter t varying in a smooth manifold T . Let f : C n × T → C be the smooth function defining the family. We assume that the critical set of f t at the origin is of dimension 1 for any t, and that the family is topologically equisingular at the critical set. Denote by The relations and ≺ are defined as in Section 2.2. d (for ǫ > 0). Suppose that we have cuts H + and H − for f over U of the same amplitude δ, such that H − ≺ H + . Along this section we will shrink δ when it is necessary without explicitly mentioning it. Define X := X int (H + , V, δ) \Ẋ int (H − , V, δ).
t, s) transversely, (3) there is a unique connected component
X int (H, V, δ) (the interior compo- nent) of ψ −1 (V × D δ ) \ H,
which contains the zero section. It is a contractible compact manifold with corners. Moreover the restriction
τ | Xint(H,V,δ) : X int (H, V, δ) → V ist ∩ (X int (Y, V, H) t \Ẇ ) is a trivial cobordism,(6)
the previous property implies that, for any t ∈ V , there is a bijective correspondence (induced by inclusion) between the connected components of
By Definition 26, an easy argument with cobordisms, and Ehresmann Fibration Theorem, the restriction
is a locally trivial fibration (trivial in fact, since the base is contractible), with fibre a trivial cobordism diffeomorphic to a disjoin union of cylinders, one for each connected component of Σ \ V . We will assume for notational simplicity that Σ \ V is connected, being the treatment of the general case completely analogous. We consider a diffeomorphism For any t ∈ V , if z 1 is a coordinate of C n not vanishing at Σ t , the z 1 -section (that is, the hyperplane V (z 1 − z 1 (x))) is transverse to Σ t at any point x ∈ Σ t , with finitely many exceptions. This allows to find an annulus A embedded in Σ ∩ X t not meeting the boundary, whose embedding in Σ ∩ X t is a homotopy equivalence, such that the z 1 -section is transverse to Σ at any point of A. Consequently the vector subbundle π A : N A → A of T (C n × T ) A whose fibre over a ∈ A is the z 1 -section of the fibre T (C n × T ) a is a constant (and hence holomorphic) normal bundle to Σ over A.
Using Lemma 20 we extend the bundles π + , π − and π A to a normal bundle
We choose η small enough so that T N (η) embeds as neighborhood of Σ ∩ X in X.
Observe that we have automatically the compatibility
By the last condition of Definition 26 and by Lemma 19 the Milnor number at the origin of the restriction of f to the fibre of π over x ∈ Σ ∩ X is independent of x.
Observe that Σ ∩ X C is diffeomorphic to the product of C and a cylinder, which is the same than the product of a circle and a (d + 1)-dimensional cube. Since the restriction π A is holomorphic, an application of Corollary 15 enables us to use the results of Section 2 to the restriction of the function f to T N (η), viewed as a µ-constant family parametrised over Σ ∩ X. Thus, by Lemma 7 and Proposition 8 there exists a cut S for f over Σ ∩ X with amplitude δ such that Y := Y int (S, Σ ∩ X, δ) is contained in T N (η). We consider the composition ν•π : We will use the notation Z = X \ Y . The subspaces Y and Z meet at a common boundary which coincides with the cut S. As for any t ∈ C and s ∈ D δ the fibre f −1 t (s) meets S transversely, by Ehresmann Fibration Theorem and the contractibility of the base the restriction
is a trivial fibration, which we call the outer fibration.
5.3.
Topological trivialisation of the space between two cuts. We start studying the outer fibration using cobordism theory.
Lemma 29. For any s ∈ D * δ , the cobordisms
are simply connected h-cobordisms, the second one with boundary.
Proof. By Property (4) of Definition 26, we may find a neighborhood W of the origin adapted to f t such that W is contained inẊ int (H + , V, δ),Ẋ int (H − , V, δ) and
t (s) ∩ ∂W ) are homotopically trivial cobordisms for s sufficiently small. This easily implies that the cobordism (30) is also homotopically trivial, and that the three spaces involved in the cobordism have the homotopy type of f 
Observe that B is included in H − and that we have the equality
The mappings
t (s) ∩ B → Σ t ∩ H − are locally trivial fibrations over a circle with simply connected fibres: the fibres of the first mapping are contractible, and the fibres of the second are homeomorphic to the Milnor fibre of the transversal singularity at any point of Σ t , which is simply connected by the Kato-Matsumoto bound (recall that we have assumed n ≥ 5). Hence the inclusion f −1 t (s) ∩ B ⊂ B induces an isomorphism of (infinite cyclic) fundamental groups. Using this, an easy application of Seifert-van Kampen Theorem shows that the fundamental group of f −1 t (s) ∩ H − is isomorphic to the fundamental group of (f
The restriction of the mapping (29) to (Z ∩ H − ) t yields a trivial fibration
Using it we deduce that the space (f We can show in the same way that the spaces f −1 t (s) ∩ H + , and f
With a similar construction we can show that f −1 t (s) ∩ ∂W has the same fundamental group than f −1 t (0) ∩ ∂W , which is homotopy equivalent to the classical link of f t . The later space is simply connected by [12] , Theorem 5.2 (use that n ≥ 5).
We have shown that (30) is a simply connected h-cobordism
Consider the decomposition
The mapping π fibres the first piece and the intersection of the two pieces over the circle Σ t ∩ H − , with fibres the Milnor fibre and the link of the transversal singularities respectively. The link of the transversal singularity is simply connected due to Theorem 5. It remains to be shown the following vanishing of relative homology groups:
Using the ladder of long exact sequences formed by the Mayer-Vietoris sequences associated to the decomposition (37) and the decomposition
, and the fact that the inclusions
are homotopy equivalences (which is true due to the homeomorphism (28)), we show that the first required vanishing follows from the vanishing
which is true since the cobordism (30) is an homotopically trivial. The second vanishing is proved similarly.
Lemma 30. If H is a cut for f over V with amplitude
Proof. We may assume that H is equal to the cut H − of the previous Lemma. We have shown that f 
which is compatible with the diffeomorphism (40) in the sense that (i) the compositions of Ψ| S and ψ| S with the respective natural projections to S give the same mapping,
It is easy to show that there exits a trivialisation
of the fibration (29) extending α. By Lemma 29 the triple
is a simply connected h-cobordism with boundary. The diffeomorphism (40) induces a trivialisation of the boundary cobordism
By h-cobordism Theorem for manifolds with boundary the cobordism (43) admits a trivialisation
which extends the trivialisation of the boundary cobordism induced by the diffeomorphism (40). Consider the diffeomorphism
, where σ i are the respective projections of (ψ| Z ) −1 (t, 0)× C × D δ to (ψ| Z ) −1 (t, 0) and C × D δ . By the compatibility conditions (i) and (ii) the restrictions of Ψ and Ψ ′ to Y ∩ Z = S coincide. Hence the desired homeomorphism Θ can be defined piecewise over Y and Z gluing Ψ and Ψ ′ . In order to fulfill the differentiability of Θ at S it is sufficient take a collar of S and modify Ψ and Ψ ′ in each of the sides so that the gluing is smooth.
Corollary 32. Let f : (C n , O) → C be a holomorphic germ with critical set of dimension 1 at the origin. Given a system of neighborhoods {U α } α∈A of the origin adapted to f , the homeomorphism type of the embedded link and the diffeomorphism type of the Milnor fibration of f associated to {U α } α∈A coincide with the classical ones.
Proof. In Proposition 21 we exhibit a system of neighborhoods adapted to f for which the statement is true. Suppose that we have two neighborhoods W 1 , W 2 of the origin adapted to f such that W 1 ⊂Ẇ 2 . By Remark 28 there is δ > 0 such that Proof. We have to check that H U satisfies Properties (2)- (6) (1) and (2) hold. It is easy to check that Property (3) holds as well. The fact that Property (5) holds (after possibly shrinking U ) is an easy argument involving manipulations with cobordisms, Ehresmann fibration Theorem, and the fact that cobordism (24) is trivial. To show that Property (6) holds (after possibly shrinking U ) we only have to use that it holds over V , that V is compact, that the family is equisingular at the critical set.
Proving Property (4) is slightly more involved. Let U be an open neighborhood of V in T over which Properties (1)- (3), (5) and (6) is satisfied, and such that V meets all the connected components of U . Then X := X int (H, U, δ) is defined. The mapping (46) τ : X → U is a locally trivial fibration with contractible fibres, and the mapping
is a locally trivial fibration whose fibre is diffeomorphic to the Milnor fibre of f t for any t ∈ V (notice that H is a cut over V ). Choose any t ∈ U . Let W be a neighborhood of the origin adapted to f t satisfying that {t} × W is contained inẊ t . We have to prove that the cobordism
Using the fibration (47) and Lemma 30 we deduce that f −1 t (s) ∩ H is simply connected for any (t, s) ∈ U × D δ . The space f −1 t (s) ∩ ∂W is simply connected by Lemma 30 since ∂W is a cut over t. By fibration (47) and the fact that H is a cut over V we deduce that f −1 t (s) ∩ X t has the same homotopy type than the Milnor fibre of f t , which is simply connected by Kato-Matsumoto bound. As W is a neighborhood adapted to f the space f −1 t (s) ∩ W is also homotopic to the Milnor fibre of f t . Seifert-van Kampen Theorem applied to the decomposition
To finish the proof it is enough to show that all the relative homology groups
vanish. By excision this is equivalent to show the vanishing
t (D δ ) ∩ W are contractible, and long exact sequences in homology, it is easy to show that the wanted vanishing is equivalent to the vanishing
As ∂W is a cut for f t over t with amplitude δ and X int (∂W, {t}, δ) = f −1 t (D δ )∩W is contained inẊ t , performing Construction 5.2 for f t , T = C = {t} we obtain an splitting X t = Y ∪ Z, such that the restriction
is a trivial fibration and the space Y is equal to f
for a a normal bundle p : N → Σ t ∩ (X t \Ẇ ) to Σ t and a positive δ.
Using the triviality of f t | Z and homology excision we reduce our problem to prove the vanishing of
t (s)) ∪ ∂W ); Z) = 0, which is easy using the homeomorphism (28).
Theorem 34. Assume n ≥ 5. Let f t be a smooth family of holomorphic germs parametrised over a connected family T , such that Σ t is 1-dimensional at the origin for any t. If f t is equisingular at the critical set then the diffeomorphism type of the Milnor fibration and the homeomorphism type of the embedded link of f t is independent of t.
Proof. As T is connected we are reduced to prove a local statement in the base. Given any t ∈ T we consider an adapted neighborhood W to f t . By Corollary 32 for a certain positive δ the diffeomorphism type of the Milnor fibration of f t is that of
t (∂D δ ) → ∂D δ and the homeomorphism type of the embedded link is that of
Consider another neighborhood of the origin W ′ adapted to f t , such that we have the inclusion W ′ ⊂Ẇ . By Remark 28 there exists δ > 0 such that
t (D δ ) are cuts over t of amplitude δ. By Lemma 25 (1) and Lemma 33 there is a neighborhood C of t in T (which can be taken take cubical) such that
and
are cuts over C of amplitude δ. Then the fibration
is locally trivial. Consequently the diffeomorphism type of the fibration
For t ′ = t we obtain the diffeomorphism type of the Milnor fibration of t.
An easy argument using Proposition 31 applied to H − − and H − + easily implies that the homeomorphism type of the pair
For t ′ = t we obtain the homeomorphism type of the embedded link of f t .
Fix any t ′ ∈ C. Consider any neighborhood W ′′ adapted to f t ′ such that W ′′ ⊂ W . By Corollary 32 the Milnor fibration of f t ′ is diffeomorphic to
By Remark 28 if we shrink δ enough we have that (
Another application of Proposition 31, now for C = {t ′ },
implies that the diffeomorphism types of the fibrations (49) and (51) are the same and that the pairs (50) and (52) are homeomorphic.
Topological R-equivalence
Our aim is to prove that any family f t of analytic germs, parametrised over an open cube U , with critical set of dimension at most 1, which is topologically equisingular at the critical set, is, in fact, topologically trivial with respect to Requivalence. Once we have the results of the previous section we can follow closely the strategy that we used for µ-constant families in Section 2. We do it now pointing specially the aspects in which the proofs are different.
6.1. Extension of cuts: the non-isolated case. We define extension of cuts as in Definition 4. Consider the closed and open cubes C and U as in 2.3. Consider two cuts H + and H − for f defined over U of the same amplitude δ, and pairs Proof. The idea of the proof in the same than the structure of the proof of Lemma 5. However we need to adapt several arguments. Define
Observe that by the definition of a cut the projections
are locally trivial fibrations with fibres trivial cobordisms diffeomorphic to a disjoin union of cylinders, one for each connected component of Σ ∩ H + . We will assume for simplicity that there is a unique connected component, being the general case analogous. We denote Σ ∩ X by Σ ′ . Taking into account that the "≺" relations between the cuts are preserved by intersecting with Σ, an argument like Step 1 of Lemma 5 shows that (after possibly shrinking U and C ′ 1 to smaller neighborhoods) there exists a smooth closed hypersurface K ⊂ Σ ′ with the following properties:
(1) (extension) we have
The space Σ ′ \ K has two connected components A + and A − each of them containing respectively H + ∩ Σ and H − ∩ Σ. The component A − contains moreover the intersections H 0 ∩ Σ, µ i ∩ Σ and ν j ∩ Σ for any i and j = 1. (3) The restrictions τ : A − → U and π : A + → U are locally trivial fibrations with fibre a trivial cobordism. In this situation there exists a diffeomorphism
with q i the projection of (Σ ′ ∩ H − ) × [0, 1] to the i-th factor i = 1, 2.
be normal bundles such that a neighborhood of Σ ′ ∩ H + , Σ ′ ∩ H − and Σ ′ ∩ ν 1 in H + , H − and ν 1 coincide with a tubular neighborhood of the zero section of π + , π − , and π ν1 respectively. As in Construction 5.2 we construct a normal bundle π : N → Σ ′ which extends π + , π − and π ν1 and is holomorphic over an annulus contained in Σ ′ t for a certain t ∈ C, whose inclusion into Σ ′ t is a homotopy equivalence. Consider η such that T N (η) is naturally embedded in C n × T and observe that the Milnor number of the restriction of f to the fibres of π at the origin of the fibres is constant. We have a µ-constant family over Σ ′ for which Assumption A is satisfied (see Corollary 15).
Define
Consider the restriction
As in Construction 5.2 we may find a smooth hypersurface S ⊂ X, which splits X in two submanifolds with boundary, whose closures are denoted by Y and Z, Our aim now is to extend Y to a vector field defined over X. We work first in X| C ′
1
. Define
By Ehresmann fibration Theorem and contractibility of the base the restrictions ψ : B + → C Applying the procedures of the proof of Proposition 31 to B − and B + , we obtain that there is a diffeomorphism 
satisfying the analog of property (ii) above. A careful construction of Z ′ (using a collaring) yields that Z and Z ′ glue to a vector field X defined over X, which is the desired extension of Y to X.
Step 1 finishes using the flow of X as we use the flow ϕ in the proof of Lemma 5.
Step 2 is also as in Lemma 5.
6.2. Existence of cuts: the non-isolated case. Let f : C n ×U → C be a smooth family of holomorphic functions (with
Let ρ be a distance function associated to a hermitian metric in the trivial vector bundle τ :
Proposition 36. Let θ : C → (0, ∞) be any continuous function. There exit a positive δ and a cut H over C with amplitude δ such that X int (H, C, δ) is contained in B (C, θ) .
Proof. The proof is completely analogous to the proof of Proposition 8, using the fact that for any neighborhood W of the origin adapted to f t there is a neighborhood V of t in U and a positive δ such that
Construction ( †). Let H 2 be a cut for f over C of amplitude δ 2 < δ 1 such that
we obtain a normal bundle π 1 :
as a tubular neighborhood of Σ ∩ Z 1 for a positive δ. Using Proposition 31 it is easy to construct a vector field Z 1 in Z 1 which is smooth outside Σ, smooth and tangent to Σ at Σ ∩ Z, and such that its flow induces a homeomorphism
the i-th factor, (b) we have the equalities
(c) for η sufficiently small, the diffeomorphism given by the flow to T η (M 1 ) for a fixed time s takes the fibres of π 1 to fibres of π 1 .
Lemma 37. There exists a smooth vector field X in X \ C with the following properties:
(1) its restrictions to X \ Σ and to Σ \ C are smooth (2) it is tangent to the fibres of τ , 
the vector field X is tangent to f −1 (0) outside Σ and it is tangent to Σ in Σ, (5) any integral curve converges to the origin of the fibre of τ in which it lies in positive infinite time, (6) the flow of X is continuous.
Proof. As in the proof of Lemma 10 we construct X as the amalgamation two vector fields Y and Z.
There is a continuous function θ 2 : C → R such that B(C, θ 2 ) is included in X int (H 1 , C, δ 1 ). By Proposition 36 there exists δ 2 satisfying δ 1 > δ 2 > 0 and a cut H 2 for f over C of amplitude δ 2 such that X 2 := X int (H 1 , C, δ 2 ) is contained in B(C, 1/2θ 2 ). We iterate this procedure to obtain an infinite sequence of constants δ i and cuts H i over C such that the sets X i := X int (H i , C, δ i ) form a nested sequence δ . We choose ρ 1 small enough that the modulus ||ρ 1 (f (z))Y(z)|| converges to 0 as ||f (z)|| approaches 0. Let ρ 2 : U → R be an smooth function with support contained in the interior of Z and which is identically 1 in a neighborhood of f
As X | f −1 (0) coincides with Z| f −1 (0) it is clear that any integral curve in f −1 (0) converges to the origin in positive infinite time. It is also clear that the restrictions of X to Y \ Σ and to Σ \ C are smooth, and that the later is tangent to Σ \ C. All the properties required to X are clear except (3), (5) and (6) .
Property (3) is true taking W := ρ 1 V.
Observe that the restriction Y| H1∩Y is tangent to H 1 , and that Z points into X at any y ∈ Z ∩ H 1 . On the other hand df (Z) is radial and pointing to the origin. This shows that no integral curve of Z can go out of the domain X in positive finite time. As df (Z) = ρ 1 V and V is radial, pointing to the origin, and of module small enough that any of its integral curves converges to the origin in positive infinite time, we deduce that any integral curve of Z is defined in positive infinite time.
The continuity of the flow of X for any (x, u) ∈ W ′ . The continuity of Φ at any point of (Σ \ C) × [0, ∞) follows easily using this relation and the fact that the modulus ||ρ 1 (f (z))Y(z)|| converges to 0 as ||f (z)|| approaches 0. This shows (6) .
As the vector field Z is smooth outside Σ the only accumulation points of an integral curve of Z as time tends to +∞ can be in Σ. As any integral curve of Z inside Σ converges to the origin in positive infinite time, from the continuity of the flow Φ : Z × [0, ∞) → Z we deduce that the only accumulation point of an integral curve of Z can be the origin of the fibre of τ where it is contained. This proves Property (5).
Here is our main topological equisingularity theorem Proof. The first step is to construct the restriction of Ψ to ∂ τ Y . We have the decomposition
can be constructed applying Proposition 31 to the cuts H 2 ≺ H 1 . The extension to X ∩ f −1 (∂D δ ) is easy to obtain using that
is a locally trivial fibration. After this the proof is completely analogous to the proof of Theorem 2 replacing the reference to Lemma 10 by a reference to Lemma 37.
Families with constant Lê numbers
Let f : T × C n → C a holomorphic function, where T is a connected complex manifold. Unless we state the contrary we suppose that the critical set of f t has dimension 1 at the origin for any t ∈ T . Let Z := {z 1 , ..., z n } be a coordinate system of C n . The symbol λ Because of the results of the previous sections to prove the Theorem it is enough to show that the family is equisingular at the singular set. Since this condition is local in the base we can assume that T is an open neighborhood of the origin in an affine space, and that f is equisingular at the critical set in a small neighborhood V of the origin in T . By the definition of equisingularity at the critical set it is clear that (by slicing), it is enough to assume that T has complex dimension 1. Thus we make the assumption T = C. To any coordinate system Z = {z 1 , ..., z n } for (C n , O) we associate the coordinate system Z ′ := {t, z 1 , ..., z n } of C × C n . Given A ⊂ C × C n we consider the notation A t := A ∩ {t} × C n . Let Σ f := V (∂f /∂t, ∂f /∂z 1 , ..., ∂f /∂z n ) denote the critical set of f and Σ := V (∂f /∂z 1 , ..., ∂f /∂z n ) be the union of the critical sets of the f t 's. Proof. We only have to show Σ ⊂ Σ f . For this we show that for any t small enough the set (Σ f ) t contains Σ t . If the inclusion does not hold there exists a sequence y n = (x n , t n ) converging to (O, 0) such that x n belongs to Σ tn \ Σ f . Hence V (f ) is smooth at y n and the tangent space T yn V (f ) is equal to V (t − t n ). Consequently the limit of the tangent spaces is V (t).
On the other hand, by [11] , Theorem 6.5, C × {O} satisfies Thom's A f condition with respect to the open stratum at the origin, which contradicts the fact that the limit of tangent spaces is V (t).
A consequence is that the first polar variety of f is empty, since, it is defined by
.., ∂f /∂z n ) \ Σ f . We deduce the following vanishings for t small enough (the Lê varieties and Lê cycles computations that follows are done using [11] , Chapter 1):
Σ 0,i be decompositions of Σ and Σ 0 in irreducible components. Reordering conveniently we can find numbers 1
Now we assume that Z is prepolar for f t for t small enough, and that z 1 , ..., z n are prepolar slices for f (see [11] , page 26). This holds for a generic coordinate system.
In the following discussion we draw further consequences from the fact that the Lê numbers λ i ft,Z (O) are independent on t for any 0 ≤ i ≤ s = 1. Let X, Y ⊂ U be closed analytic subspaces of an open subset U of C n . We denote by X \ Y the scheme theoretical closure of X \ Y in U , and by [X] the cycle associated with the scheme X. (see [11] , Chapter 1).
By the prepolarity of Z all the irreducible components of Γ 2 ft,Z are of the expected dimension 2 for t small enough. As Σ ft is of dimension 1 and, by definition,
we conclude that all the irreducible components of V (∂f t /∂z 3 , ..., ∂f t /∂z n ) are 2-dimensional. Hence (∂f t /∂z 3 , ..., ∂f t /∂z n ) is a regular sequence and the analytic subscheme V (∂f t /∂z 3 , ..., ∂f t /∂z n ) has no embedded components. Thus we have
.., ∂f /∂z n ). The first equality is by definition. From the fact that all the irreducible components of V (∂f t /∂z 3 , ..., ∂f t /∂z n ) are 2-dimensional and the Theorem on the dimension of the fibres of a morphism we deduce that all the irreducible components of V (∂f /∂z 3 , ..., ∂f /∂z n ) have at most dimension 3, which is on the other hand its minimal possible dimension given the number of equations defining the set. Hence (∂f /∂z 3 , ..., ∂f /∂z n ) is a regular sequence and the analytic subscheme V (∂f /∂z 3 , ..., ∂f /∂z n ) has no embedded components. This, together with the fact that Σ is 2-dimensional implies the second equality.
As a consequence γ 3 f,Z ′ (0, O) is equal to mult [O] (V (t, x 1 , x 2 , ∂f /∂z 3 , ..., ∂f /∂z n )) and γ 2 ft 0 ,Z ′ (O) is equal to mult [O] (V (x 1 , x 2 , ∂f t0 /∂z 3 , ..., ∂f 0 t/∂z n )). As the schemes V (t−t 0 , x 1 , x 2 , ∂f /∂z 3 , ..., ∂f /∂z n )) and V (x 1 , x 2 , ∂f t0 /∂z 3 , ..., ∂f t0 0/∂z n )) are equal, we obtain
Consider a decomposition in irreducible components of Γ
where X i coincides as a set with the component Σ i of Σ. As any Y i is (at least) 2-dimensional and the components Σ i are 1-dimensional for i > k 1 , no Y i is a component of Σ. We have
Now we want to compute the first Lê cycle of f t for a certain value of the parameter t. By equation (61) we have
.., ∂f t /∂z n ). Hence, taking into account Equation (64), we have
is included in Σ ft , and therefore
Lemma 41. The previous inequality is actually an equality for any t 0 ∈ T :
Moreover, the components Σ k1+1 ,...,Σ k2 do not appear. In other words, we have
Proof. We claim that no component of Y Inequality (69) implies that the first Lê number of f t0 satisfies (71)
This inequality becomes an equality if and only if our claim is true. This is the case if t 0 = 0.
] is upper semicontinuous in t and the Lê number λ 1 ft,Z is independent on t we conclude that Inequality (71) must be an equality also for t 0 = 0. 
decompositions; in other words, satisfy that, as germs of reduced sets at the origin we have E i = Σ i and E 0,i = Σ 0,i . We will always choose ǫ small enough that any two different components of E 0 only intersect at the origin. It is well known that for ǫ and η sufficiently small the mapping
is a topological locally trivial fibration over D * η . We consider a decomposition of E t in irreducible components E t,1 , ..., E t,rt for any t. The topological local triviality of π| E over D * η implies that the number r gen := r t is independent on t as long as t ∈ D * η . For any t ∈ D * η we consider a numbering E t,1 , ..., E t,rgen of the irreducible components of E t . There is a mapping β gen : {1, ..., r gen } → {1, ..., k} defined by the relation E t,j ⊂ E βgen(j) . We also define a mapping β 0 : {1, ..., r} → {1, ...k} by the relation E 0,j ⊂ E β0(j) .
Let µ t,j denote the generic transversal Milnor number of f t at a generic point of E t,j \ {O}. Observe that there is a finite set I t ⊂ D ǫ such that the hyperplane V (z 1 −s) meets E t transversely for any s ∈ D ǫ \I t . By Lemma 19, for any s ∈ D ǫ \I t , the Milnor number of any of the isolated singularities of f t | V (z1−s) contained in E t is equal to µ t,j . Moreover, for any x ∈ V (z 1 − s) ∩ E t , we have the equality
; indeed, since f t has smooth critical set at s and V (z 1 − s) meets Σ t transversely in x, the first Lê number λ 1 ft,Z (x) is equal to the transversal Milnor number. On the other hand, by definition, the Lê number is equal to the intersection multiplicity
Given any component E i we define a family of germs with isolated singularities parametrised over it, by imposing that, for any x ∈ E i , we assign the singularity at x defined by the restriction f π(x) | V (z1−z1(x)) . Let µ i be the generic Milnor number of the family. Observe that, by the upper semicontinuity of the Milnor number, if E t,j is contained in Σ i then µ i ≤ µ t,j . As µ i and µ t,j are the generic values of the Milnor number of the hyperplane sections V (z 1 − s) at E i and E t,j respectively, we obtain that for any generic t we have the equality µ i = µ t,j : the subset of E i in which the hyperplane section has Milnor number strictly bigger than µ i is closed in Zariski toplogy. We may express the last equality as
By Sard's Theorem the mapping π| E is generically submersive at the regular locus of E. Notation. Denote by T ǫ the "tube"
Proposition 45. The following assertions hold:
(1) If ǫ is small enough, the analytic set E 0 \ {O} is smooth and π| E is submersive at E 0 \ {O}. (2) For any j ∈ {1, ..., r 0 } we have µ 0,j = µ β0(j) .
Proof. Clearly, if ǫ is small enough, the only singularity of E 0 is at the origin.
The first Lê number λ
By conservation of number in intersection theory we have that for a certain ǫ small enough, there exist positive ξ and η such that if s ∈ D ξ and t ∈ D η , then
By Equality (78), if s ∈ D ǫ \ I t , this quantity is equal to the sum (80)
of the Milnor numbers of the singularities of the restriction of f t to V (z 1 − s) which are contained in the zero set V (f t , z 1 − s). If a component of E 0 is either contained in the singular locus of E, or π| E is not generically submersive at it, then it is contained in the ramification locus of α, and therefore C × {0} is a component of the branching locus of α. Hence, if t = 0 and η is small enough the set D ǫ × {t} is not included in the branching locus of α. Then, if s does not belong to the finite set I 0 ∪ I t , the cardinality of X 0 ∩ V (z 1 − s) is strictly smaller than the cardinality of X t ∩V (z 1 −s) for t = 0. As the cardinality of
, by the non-splitting result of Lê-Lazzery we have the strict inequality (81)
which is impossible since both quantities are equal to λ This proves that π is generically submersive at any component of E 0 . Shrinking ǫ we obtain assertion (1).
Fix s 0 = 0 small enough so that V (z 1 −s 0 ) meets E 0 transversely in finitely many points. Then there exits ξ small enough that V (z 1 − s 0 ) meets E t transversely for any t ∈ D ξ , and hence
is finite and etale. Thus, the space α −1 ({s 0 } × D ǫ ) splits in a finite number of disks and we have a natural bijection between T ǫ ∩Σ ft ∩V (z 1 −s 0 ) and
ξ , and let y be the corresponding point in T ǫ ∩ Σ f0 ∩ V (z 1 − s 0 ) by the bijection. Suppose that x belongs to E t,j1 and that y belongs to E 0,j2 . Clearly E t,j1 and E 0,j2 belong to the same irreducible component of E, in other words β gen (j 1 ) = β 0 (j 2 ). The summand of the left hand side of Inequality (81) corresponding to x is equal to µ t,j1 and the summand of the right hand side of Inequality (81) corresponding to y is equal to µ 0,j2 . Observe that µ t,j1 is equal to µ βgen(j1) for t ∈ D * η generic, and that, in general, we have the inequality µ 0,j2 ≥ µ β0(j2) = β gen (j 1 ). Hence the contribution of x to the LHS of Inequality 81 is smaller or equal than the contribution of the corresponding point y to the RHS, and the contribution is strictly smaller if and only if µ 0,j2 < µ β0(j2) . Therefore, if there exists j ∈ {1, ..., r 0 } for which the inequality µ 0,j ≤ µ β0(j) is strict, then the strict Inequality (81) holds true and we get a contradiction again.
Proposition 46. There exist positive ǫ and η such that (1) the ramification locus of α| E is C × {O},
Proof. We show that if any of the conclusions is false then the Lê number λ 1 f,Z ′ (O, t) is not independent on t, which is a contradiction, as we have seen in the proof of Lemma 43.
Since the first polar variety of f is empty, the first Lê cycle Λ 1 f,Z ′ is the cycle associated to the scheme
The first Lê number of f at (t 0 , O) is the intersection multiplicity Suppose that we have (t, x) ∈ E belonging to the ramification locus of α| E . We may assume (if η is small enough) that in the discriminant of α there are no components of the form C × {t} for t = 0. Hence for any s close enough to z 1 (x) the singularity that f t | V (z1−z1(x)) has at x splits in several critical points of f t | V (z1−s) . By the Lê-Lazzery non-splitting result we deduce that there is at least one of them, called x s , such that f t (x s ) is not zero. As Σ is contained in f −1 (0) we have that (t, x s ) belongs to V (∂f /∂z 2 , ..., ∂f /∂z n ) \ Σ. As x s converges to x as s converges to z 1 (x) we conclude that (t, x) belongs to V (∂f /∂z 2 , ..., ∂f /∂z n ) \ Σ. As ∂f /∂z 1 (t, x) = 0 (for being (t, x) ∈ Σ) we deduce that (t, x) belongs to W . Therefore, if the first assertion is false there is an irreducible component of W which is different from C × {O} and we get a contradiction.
If t = 0, Assertion (2) follows easily (by shrinking ǫ) from the second assertion of Proposition (45). Suppose now that we have (t, x) ∈ E, with t = 0, such that x belongs to E t,j and (82) µ(f t | V (z1−z1(x)) , x) > µ βgen(j) .
Choose a neighborhood U of x in C n such that x is the only critical point of f t | V (z1−z1(x)) in U ∩ V (z 1 − z 1 (x)). As, for generic s, the Milnor number of any of the singularities of f t | V (z1−s) at Σ t,j is equal to µ βgen(j) (C× {t} is not a component of the branching locus), by the strict inequality (82), we can approximate z 1 (x) by a sequence {s n } n∈N such that f t | V (z1−sn) has several critical points in U . By the Lê-Lazzery non-splitting result we deduce that there is at least one of them, called x n , such that f t (x n ) is not zero. From this point the proof proceeds like the proof for the first assertion. Proof. The dimensional requirement of the first condition for equisingularity at the critical set follows from Lemma 40 , Lemma 41 and Lemma 43. The first assertion of Proposition 46 implies that E t is smooth outside the origin, and that π| E : E → D η is a submersion. This gives the first condition for equisingularity at the critical set.
The first assertion of Proposition 46 also implies that for any t ∈ D η the mapping z 1 : E t \ {O} → C has no critical points. Therefore the mapping |z 1 | 2 : E t → R has the origin as its only minimum and has no critical points in E t \ {O}. Thus the restriction |z 1 | 2 : E t \ {O} → (0, ǫ] is a proper function without critical points for any t ∈ D η . This function trivialises the desired cobordism and implies the second condition for equisingularity at the critical set.
The third condition of equisingularity at the critical set follows from the second assertion of Proposition 46.
The underlying deformation of the critical set
Notice that the condition of equisingularity at the critical set imposes no condition at the origin. This observation is probably the explanation of the phenomena shown in this section. Below we will show how to produce examples of families which are equisingular at the critical set, but such that the critical set experiences drastic changes from the analytic perspective. We also prove a new R-equisingularity condition for families for which the reduced critical set undergoes a flat µ-constant deformation of reduced curves in the sense of [1] .
We have shown that, if in a family of germs with 1-dimensional critical set the Lê numbers with respect to a generic coordinate system are constant, then the family is topologically R-equisingular. However topological equisingularity does not imply the constancy of the Lê numbers, even if the dimension of the critical set is 1 (in particular the Lê numbers are not topological invariants). In [4] the following counterexample was constructed:
Example 48. Define germs f, g t : (C 3 , 0) → C by f (x, y, z) := x 15 + y 10 + z 6 g t (x, y, z) := xy + tz.
. The family F t has critical set of dimension 1, it is topologically R-equisingular, but the Lê numbers with respect to a generic coordinate system are not independent on t.
Let us mention that (f, g t ) : (C 3 , 0) → C is an example due to Henry (appearing in [1] ) of a family of i.c.i.s. with constant Milnor number and non-constant multiplicity. In [4] we present a proof of the topological R-equisingularity of this example based on the results of [2] . An alternate proof of this can be obtained proving that F t is equisingular at the critical set. To do this we first show that, after fixing a certain radius ǫ > 0, the critical set of F t with reduced structure is given by V (f, g t ) (this can be done in the same way that we treat the next Example 50). After we observe that, as V (f, g t ) defines a µ-constant deformation of the reduced curve singularity V (f, g 0 ), we have that V (f, g t ) is topologically equisingular (see [1] ). This implies the first two conditions for equisingularity at the critical set. The third condition, which deals with transvesal Milnor numbers can be established by an easy inspection of the equation of F t .
Remark 51. We have obtained two topologically R-equivalent functions with critical locus of dimension 1, such that the critical set is smooth for one of them and singular at the origin for the other. To the author's knowledge it is the first time that this behavior is observed.
The equation f t is quasihomogeneous of degree 30 if we give weights (3, 4, 1) to the variables (x, y, z). This shows that for any t the critical set of f t is contained in the central fibre, but in the weighted homogeneous plane P (3, 4, 1) it is easy to see that the curve defined by f t = 0 has a unique singular point corresponding to the curve C t parametrised by equations (83). Hence the critical set of f t is precisely the curve C t . To show the equisingularity at the critical set of the family f t we only have to check the condition on the transversal Milnor number, but this follows from an easy inspection of the equations (the reader may check that the generic transversal Milnor number at any point of C t \ {O} is controlled by the following terms of the equation: (tx 3 − y 2 z) 4 + (y 3 − x 4 ) 3 ). After this the equisingularity at the critical set of g t follows easily. As g t : C 5 → C is defined in the good range of dimensions we can apply Theorem 38 and conclude that the family g t is topologically R-equisingular.
The fact that the transversal Milnor number in C t \ {O} is controlled by the terms (tx 3 − y 2 z) 4 + (y 3 − x 4 ) 3 suggests to play the following game. Observe that the multiplicity of f t is 9 and that the monomials of order appear 9 in the terms (y 3 − x 4 ) 3 (for any t) and (ty − xz) 9 (only for t = 0). Replacing the term (ty − xz) is a family such that the only component of the critical set of f t meeting the origin is precisely C t , with generic transversal Milnor number equal to 6 at any point of C t \ {O}. Unfortunately the family is not equisingular at the origin since for t = 0 the critical locus contains precisely 1 Morse point outside C t , and this Morse point converges to the origin as t approaches 0. As the family has not constant multiplicity, if this Morse point would have not appeared, then we would have obtained a counterexample of Zariski's multiplicity conjecture (after adding high powers of new variables in order to meet the dimensional restrictions of our equisingularity results).
The last examples shows that we have a great deal of flexibility in deforming the critical set in a family which is equisingular at the critical set (and, in the correct range of dimensions, topologically R-equisingular). We propose the following problem:
Problem 52. Construct examples of non-equimultiple, but topologically equisingular, families of parametrised curves (like 83), with one or several components, and families of functions whose critical set consists exactly with the parametrised curve and has a prescribed transversal Milnor number outside the origin (like f t ). Observe that in these conditions the constructed family is equisingular at the critical set.
Specially in the case in which C t is not an i.c.i.s., and thus we need more equations than its codimension to define it, we could have enough space to construct examples of equisingular at the critical set families which are not equimultiple.
The following observation supports the novelty of this search for counterexamples: suppose we have a family as asked in the Problem above. As the critical set is not equimultiple, but the transversal Milnor number remains constant in the family, the first Lê number with respect to a generic coordinate system is not constant in the family. Thus, by the generalised Lê-Iomdine formulas [11] , if we add to the family a sufficiently high power of a linear function we do not get a µ-constant family. This tells that finding a counterexample to the Zariski's multiplicity conjecture in the line of Problem 52 does not gives, by the standard method of passing information from non-isolated singularities to isolated singularities, a µ-constant family which is not equimultiple. Hence, some new space is open to search for a possible counterexample. In particular Zariski's multiplicity conjecture could well be true for isolated singularities and false for non-isolated ones.
